This paper presents a coupled finite element and boundary integral method for solving the timeperiodic oscillation and scattering problem of an inhomogeneous elastic body immersed in a compressible, inviscid, homogeneous fluid. By using integral representations for the solution in the infinite exterior region occupied by the fluid, the problem is reduced to one defined only over the finite region occupied by the solid, with associated non-local boundary conditions. This problem is then given a family of variational formulations, including a symmetric one, which are used to derive finite dimensional Galerkin approximations. The validity of the method is established explicitly, and results of an error analysis are discussed, showing optimal convergence to a classical solution.
Introduction
We consider the problem of an elastic body immersed in a compressible, inviscid homogeneous fluid. More precisely, we study small time-periodic oscillations and scattering about a constant equilibrium state due to an incident acoustic wave propagating through the fluid. The body may be spatially inhomogeneous. A precise statement appears in section two.
Various physical applications are described, e.g., in [10] , [12] .
The solid-fluid interaction is a special case of a general situation. Let Q be a bounded region in space, with boundary F, and let Cl + be the complement of Cl. Suppose one has equations Lu = 0 in Q and L+u = 0 in £l + with transition conditions across F. The coupling idea is the following. If L + is spatially homogeneous then one can apply integral equation methods to Q.+ so as to obtain relations between the exterior Cauchy data on F. One then uses the transition conditions to obtain relations on the inner Cauchy data. The result is a problem for Lu = 0 in Q with non-local boundary conditions which one can then solve by finite element methods. This procedure is often denoted as the coupled boundary element and finite element method for interface problems.
The coupling idea has been used in a great variety of circumstances, starting with [14] in the engineering literature, with [9] apparently providing the first theoretical justification. Formal coupling procedures are reviewed, e.g. in [3] . Reference [8] describes and analyzes one coupling method for the elastic solid-fluid problem. Here we present a different one. In fact, in section three we present a family of non-local problems (P a ) depending on a parameter a, 0 < a < 1.
For each we give a variational formulation (VP a ). We also give a family of finite dimensional approximation problems (AVP a h ). The choice of a is dictated by what kind of information is of most interest, but when a = 1/2 the problems (AVP a h ) are symmetric which will facilitate numerical computation. Our methods were inspired by analogous ones given in [4] for elasticelastic scattering.
Remark 1.1 We feel our method has two advantages over that in [8] . It avoids the use of hypersingular integrals and it leads to symmetric finite element equations. Remark 1.2 An important feature of the method here and the one in [4] is the symmetry of the resulting Galerkin equations. We are presently performing numerical work on the elastic-elastic problem with good accuracy. Remark 1.3 In section four and the appendix we give a proof of the validity of our method, and
show the optimum convergence of the Galerkin approximations.
Remark 1.4 Extensions are possible. If the obstacle is a shell the procedure is essentially the same. In principle one can hope to extend to non-linear elastic bodies but then the time-periodic theory, in general, no longer applies and one needs a variation of the treatment of the exterior problem with artificial boundaries [1] , [2] , [6] .
Statement of the problem.
We suppose Q represents a linear, isotropic elastic solid. If u denotes the displacement and
where |1 and X can be functions of position x. If p E is the density, the equation of motion (with no body force) is,
M (2.2)
We assume the exterior region Q + to be filled with a compressible, inviscid fluid. We assume We assume that there is an incident fluid motion given by a pressure which has the form Re e^m) and we look for the corresponding steady state periodic motion W(JC, t) = Re (U(x)e im ),
)&®*) so that P represents the scattered field in ft + . We impose a radiation condition on P. Thus we obtain problem P(p°):
There is a difficulty with uniqueness in P(p°). The proof of this theorem is essentially the same as that of theorem 1.1 of [7] . One uses Green's theorem arguments and Rellich's lemma to conclude that P = 0 in Q.
It is known that for certain regions (2.7) can have non-zero solutions. This appears to be rare but in any event we will rule out this possibility by making the following assumption:
(2.7) has no non-trivial solutions.
(A.I)
Non-local problems
We start with the exterior region Q + . Let
, the wave number, and put K(x, y)
Then we consider the layer potentials, We also need the following result The occurrence of special parameter values is typical of coupling methods and our methods fail for these values. Thus we make an assumption ruling out these cases:
(Special techniques for dealing with the case K 2 = -\i n have been presented, e.g., in [5] , [13] ).
We are now ready to describe our non-local problems. 
Finally, we define functionals F o and Fj on // by (3.11)
Our variational problems are:
The following result is easily verified. 
Numerical discretization
We consider here the numerical implementation of the variational problems described in the previous section.
Suppose that Q. h (Q) and T h (F) are finite dimensional subspaces of Hj(Q) and L 2 (T) 9 depending on a parameter h. We set and #^ is the standard dynamic stiffness, or impedance, matrix for interior elastic problems.
Remark 4.2 It is interesting to note that one has a whole family of problems. Since Afi (U, V) =

A/J (U, Y) we can take convex combinations of P 0 (p°) and P](p°). Thus one takes
This matrix is sparse.
Similarly, by condensing \|/^, (EJ 1 ) leads to an equation of the form
while (E I/2 h ) yields the equations
It is worth noting that the appearance of the adjoint matrices C and C T in ( 
Existence and regularity
Our first goal here is to validate the procedures in the preceding section. The proof of the validity of the coupling methods rests on the following abstract result. Let H be a Hilbert space, Suppose that one has a family S h of finite dimensional subspaces contained in H and one considers the approximate variational problem:
Find II* e S* such that A(u h , v h ) = <v*, F> for any \ h € S* (AVP h ) 18 We suppose that the S h approximate H in the following sense:
Given any e > 0 there is an h 0 > 0 such that for any h < h o and u e H there is aw^e^ such that || u -w h || < e. Theorem B is fairly well known (see for instance [7] and [11] ) but for completeness we sketch Jw n converges strongly to zero and 5 is bounded so SJ(I -G ol h )u n converges strongly to zero which contradicts || SJ (/ -G^)w n || > e.
Since || SJ (/ -G^) || tends to zero as h -> 0 we can find an h 0 sufficiently small that The operator in (A.7) tends to / as h 10 confirming that u h -> w. This completes the proof.
